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}  There  are  several  reasons  for  studying  deterministic  models  of  computer  ^ 

'systems  and  their  work  loads^:  .  /cP/  5 

(I)  With  cletermi nistic  models,  wo  can  carry  out  a  worst-case  or  a  best- 
i  case  analysis  so  that  we  can  obtain  uppcrbounds  or  lower-hounds  on  the  performance 


j  of  a  svstem  under  all  nossible  circumstances; 

I 

.  i 

J  (2)  Effects  of  variation  of  system  parameters  can  be  studied  more 

directly  and  oxi'l  i  c  i  c  1  y 

(3)  There  exists  the  possibility  of  designing  optimal  algorithms  for 
the  effective  utilization  of  system  resources.  Such  algorithms  often  behave  well 
when  ti'.o  systems  deviate  from  the  (deterministic)  model. 

We  present  here  throe  closely  related  topics  to  illustrate  some  of  the 


aspects  of  deterministic  modelling^ 
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We  describe  first  a  general  model  of  computing  system  which  can  be 
specialized  in  various  ways  to  include  most  of  the  results  we  are  going  to  present. 
We  make  the  following  assumptions  : 

(1)  A  computing  system  consists  of  two  classes  of  resources,  dedicated 
resources-  and  shared  resources .  In  each  class,  tliore  are  different  kinds  of 
resources. 


(2)  There  is  a  certain  number  of  units  of  dedicated  resources  of  each 
kind.  The  execution  of  a  job  requires  an  integral  number  of  units  of  each  kind, 
including  zero  unit  ns  a  possibility.  The  execution  of  a  job  completely  occupies 
a  unit,  and  no  otlier  jobs  can  be  executed  on  the  same  unit  concurrently.  lixamnles 
of  dedicated  resources  are  processors,  input-output  devices,  and  so  on. 

.1. 

( i)  Tlu-re  is  a  unit  of  shared  resources  of  each  kind'.  The  exectiton  of.a 
job  requires  a  fraction  ot  the  unit  of  each  kind  of  shared  resources,  including 
zero  ns  a  possibility.  Concurrent  execution  of  a  number  of  jobs  might  share  the 
.same  unit  of  shatvl  resources,  provided  time  cl»e  sum  of  die  fractions  of  the  unit 
thoy  sliar.*  does  not  oxcood  one.  Kxamplos  of  shared  resources  are  core  memories, 
magnetic  disks  and  drums,  and  so  on. 

(A)  The  units  of  each  kind  of  dedicated  resources  might  not  be  identi¬ 
cal.  It  might  be  the  case  tliat  the  execution  times  will  be  different  when  a  job  is 
executed  on  different  units  of  one  kind  of  dedicated  resources.  It  might  be  the 
case  cliat  job  can  only  be  executed  on  some  of  tlie  units  of  a  particular  kind  of 
dedicated  resource.  Since  the  execution  of  a  job  might  require,  in  general,  more 
than  one  unit  of  dedicated  resources  of  each  kind,  the  execution  of  a  job  is  said 
to  be  completed  if  its  execution  on  all  units  is  completed. 


(5)  The  unit  of  each  kind  of  shared  resources  is  considered  to  be 
uniform.  A  job  will  release  the  portions  of  shared  resources  it  occupies  when 
its  execution  on  all  units  of  dedicated  resources  is  completed. 


There  is  no  loss  in  generality  in  normalizing  each  kind  of  shared  resources  to 
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j;  - 

We  describe  first  a  general  modal  of  computing  system  which  can  be 
specialized  in  various  ways  to  include  most  of  the  results  we  are  going  to  present. 
Wo  make  the  following  assumptions  ; 

(1)  A  computing  svstem  consists  of  two  classes  of  resources,  dedicated 
resources-  and  shared  resources .  In  each  class,  there  are  different  kinds  of 
resources. 


(2)  There  is  a  certain  number  of  units  of  dedicated  resources  of  each 
kind.  Tlie  execution  of  a  job  requires  an  integral  number  of  units  of  each  kind, 
including  zero  unit  ns  a  possibility.  The  execution  of  a  job  completely  occupies 
a  unit,  and  no  other  jobs  can  be  executed  on  the  same  unit  concurrently.  F.xamnles 
of  dedicated  resources  are  processors,  input-output  devices,  and  so  on. 

.1. 

(l)  TIkto  is  a  unit  of  slwirod  rosourcos  of  each  kind'.  The  vxocttfcon  of.a 
job  requires  a  fraction  ot  the  unit  of  each  kind  of  shared  resources,  including 
zero  ns  a  possibility.  Concurrent  execution  of  a  number  of  jobs  might  share  the 
same  unit  <W'  sh.irvl  resources,  provided  that  cl>e  sum  of  tl»e  fractions  of  the  unit 
thoy  sliar.'  does  nut  oxcood  one.  Kxamples  of  shared  resources  are  core  memories, 
magnetic  disks  and  drums,  and  so  on. 

(A)  The  units  of  each  kind  of  dedicated  resources  might  not  be  identi¬ 
cal.  It  might  be  the  case  that  the  execution  times  will  be  different  when  a  job  is 
executed  on  different  units  of  one  kind  of  dedicated  resources.  It  might  be  the 
case  chat  job  can  only  bo  executed  on  some  of  the  units  of  a  particular  kind  of 
dedicated  resource.  Since  the  execution  of  a  job  might  require,  in  general,  more 
than  one  unit  of  dodicaccU  resources  of  each  kind,  the  execution  of  a  job  is  said 
to  be  completed  if  its  execution  on  all  units  is  completed. 

(5)  The  unit  of  each  kind  of  shared  resources  is  considered  to  be 
uniform.  A  job  will  release  the  portions  of  shared  resources  it  occupies  when 
its  execution  on  all  units  of  dedicated  resources  is  completed. 


4* 

There  is  no  loss  in  generality  in  normalizing  each  kind  of  shared  resources  to 


one  un 1 1 . 


Let  j  »  {J.,  J,,  be  a  set  of  jobs  and  '<bG  a  precedence 

relation  *on  J  That  means  the  execution  of  job  cannot  begin  until 

■:the  execution  of  job  Jj,  has  been  completed.  is  calU'd  a  predecessor  of  and 

is  called  a  successor  of  .  A  set  of  job  is  said  tc  be  independent  if  the  pre¬ 
cedence  relation  <  is  empty.  Each  job  in  J  is  specified  in  the  following  way  : 

Let  p  denote  the  number  of  kinds  of  dedicated  resources  and  n  denote  the  number 

k 

of  units  of  each  kind  in  the  computing  system  on  which  the  set  of  jobs  J  is  to 

be  executed.  Let  q  denote  the  number  of  kinds  of  shared  resources.  The  utiliza¬ 

tion  of  tlie  dedicated  resources  by  a  job  Jj,  is  specified  by  a  p  «  n  matrix 
T  •  I'C;;!!  '■’nd  a  p  component  vector  U.,  *  where  0  Ct,.  <  »  and  Cor  each 

N  1  J  N  1  ”  1 .1  ~ 

i  there  exists  at  Least  one  j  such  chat  t..  •'  and  u.  is  an  integer  such  that 

.  ^  .  ch 

Ihe  value  of  c.  .  is  Che  time  it  Lakes  fo  execute  job  J  on  the  j  unit 

^  .  '  .  til 

of  dedicated  resources  of  tlio  i  kind.  That  Cj^.  =  «  means^  tliat  job  cannot  be 
executed  on  the  J  '  units  dedicated  resources  on  the  i*’’^  kind.  The  value  of 

Uj^  IS  Che  number  of  units  of  dedicated  resources  on  the  i  kind  which  the 

execution  of  job  rceuiros.  Similarly,  the  utilization  of  the  shared 

resources  bv  J  is  specified  by  a  q  component  vector  V  ■  Hv.jj,  wliero  0<v.  <1, 

*  •  »  *  Cli  *  K  i  i  *“ 

The  value  of  is  the  fraction  on  the'  i  kind  of  shared  resources  which  the 

execution  of  job  J  requires. 


It  -  SCIIKIHK.IN'C  TO  MlNIlll/'r:  COMPLETION  Tlfll'; 


By  scheduling  a  sot  of  jobs  on  a  computing  system,  we  mean  Co  assign, 
within  certain  time  interval (s),  to  each  job  resources  Chat  are  needed  for  its 
execution  with  the  constraint  that  all  the  resources  needed  for  the  execution  of 
a  job  are  assigned  to  the  job  simultaneously.  A  schedule  is  a  specification  of  the 
assignment  of  resources  to  the  jobs,  and  a  scheduling  algorithm  is  a  procedure 
chat  produces  a  schedule  for  every  given  set  of  jobs.  By  preempt ive  scheduling 
discipline  ,  we  moan  to  allow  the  interruption  of  the  execution  of  jobs  in  a 
schedule.  By  non-preompeive  scheduling  discipline,  we  mean  the  execution  of  a 
job  must  continue  until  completion,  once  its  execution  commences. 


Different  criteria  can  be  used  to  measure  how  good  a  schedule  is.  The 
most  common  one  is  the  completion  time  of  a  schedule,  that  is,  the  total  time  it 

A  precedence  relation  is  a  binary  relation  chat  is  ancisymnecric  and  transitive. 
As  will  be  seei\,  there  is  no  loss  of  generality  in  assuming  chat  there  is  the 
same  number  of  units  in  each  kind  oi  dedicated  resources. 

kik  til 

Por  each  j ,  u.  is  not  larger  tha  .  the  number  of  finite  entries  in  the  i 
of  T.. 

N  • 


row 


{takes  to  complete  the  execution  o£  a  set  of  jobs  according  to  the  schedule. 
.Clearly,  for  a  given  sec  of  jobs,  a  "good”  schcuule  is  one  ^ich  "short"  completion 
cimej-,  and  ah  optimal  schedule  is  one  with  shortest,  possible  execution  time,;  The 
effectiveness  of  a  scheduling  algorithm  is  measured  by  how  good  the  schedules  it 
produces  tire.  One  might  wislt  to  consider  the  worst  case  performance  of  a  sche¬ 
duling  algorithm,  or  one  might  wish  to  consider  the  average  case  performance  of 
scheduling  algorithm.  Most  of  the  current  works  arc  concerned  with  Che  worst 
case  performance  analysis  of  scheduling  algorithms.  Wo.  sltall  make  an  attempt  to 
identify  some  of  the  general  features  of  scheduling  algorithms  whose  effective¬ 
ness  will  be  measured  by  tl\e  completion  time  of  the  schedules  they  produce. 

1.  There  are  alj’.orithms  that  produce  optimal  schedules.  Clearly,  opti¬ 
mal  schedules  and  algorithms  that  produce  optimal  schedules  are  of  significant 
interest.  Unfortun.atoly,  very  little  is  known  about  "efficient"  algorithms  Chat 
produce  optimal  schedules  for  arbitrary  computing  systems  and  arbitrary  sets  of 
jobs.  As  a  matter  of  fact,  efficient  algorithms  that  produce  optimal  schedules 
are  known  only  for  the  following  cases  : 

(i)  slobs  havinp;  unit  execution  tiroes  vzith  the  nrccedonce  relation  over 
them  being  a  forest  are  to  be  scheduled  on  a  cumputing  system  with 
identical  processors. 

(li)  Jobs  having  unit  execution  times  are  to  be  scheduled  on  a  computing 
system  with  two  identical  processors. 

Wo  shall  describe  an  algorithm  due  to  iiu  I  1131  which  produces  an  optimal 
schedule  for  case  (i).  We  introduce  first  the  notion  of  demand  scheduling 
algorithm.  A  demand  scheduling  algorithm  is  one  that  always  attemps  to  schedule 
executable  jobs  resources  that  are  free  at  any  time  instant.  In  other  words, 
a  demand  scheduling  algorithm  never  leaves  any  resources  idle  intentionally.^  A 
narticularly simple  class  o.f  demand  scheduling  algorithms  is  kno\<m  as  list 
scheduling  algorithms.  A  list  scheduling  algorithm  assigns  distinct  priorities 

t  .  .  . 

A  job  IS  said  to  be  executable  at  a  time  instant  if  executions  of  its  predeces¬ 
sors  have  all  been  completed  at  that  time  instant. 

It  IS  not  difficult  uo  construct  er.atnnles  to  show  that  there  are  optimal  sche¬ 
dules  in  which  resources  are  left  idie  intentionally. 


Co  jobs  and  allocates  resources  to  jobs  v/ith  hi/;hesc  priorities  among  all  executa¬ 
ble  ones  at  any  time  instant. 

Mu's  algorithm  is  a  list  scheduling  algorithm.  '.',e  define  first  the 
notion  of  the  level  of  a  job  : 

(i)  Tnc  level  of  a  job  that  lias  no  successor  is  defined  Co  bo  I. 

(ii)  Tlie  level  of  a  job  that  one  or  more  successors  is  equal  to  one  plus 
the  maximum  value  of  the  levels  of  its  successors. 

In  Hu's  algorithm  priorities  arc  assigned  to  jobs  according  to  their  levels  such 
that  jobs  of  higher  levels  vill  have  higher  priorities.  (Assignment  of  priorities 
to  jobs  of  the  same  level  is  arbitrary.)  Hsu  *112  1  contains  a  simple  proof  chat 
Hu's  algorithm  produces  optimal  schedules  for  case  (i) .  See  also  Chen  and  Liu 

Fujii,  Xasami,  and  Minomiya  f.F2  1  and  Coffman  and  Graham  [C71  discovered 
algorithms  chat  produce  optimal  schedules  for  case  (ii)  .  '.Je  present  here  Coffman 
and  Graham's  algorithm,  vhicii  is  also  a  list  scheduling  algorithm.  In  Coffman  and 
Graham's  algorith.m,  priorities  are  assigned  to  jobs  as  follows  : 

(i)  Starting  wic!i  1,  wliich  is  the  lowest  priority,  distinct  and  conse¬ 
cutive  priorities  are  assigned  to  jobs  that  have  no  successors 
arbitrari ly . 


(ii)  Priorities  are  assigned  to  jobs  with  one  or  more  successors 
recursively  : 

(a)  A  job  to  all  of  whose  successors  priorities  have  been  assi¬ 
gned  will  be  label  leci  with  tbe  prion'tii-s  of  its  successors 
,  i,,...)  in  decreasing  order. 


(, h )  Compare  tlie  labels  of  all  labelled  jobs  according  to  the 
lexicographical  order.  Starting  with  tb.e  lowest  unassigned 
prinriiy,  distinct'  and  censecul  i  ve  prftiritles  are  assign.i'il 
CO  Clio  i.'ibellod  'obs  suc'n  c’nnt  jobs  wicii  larger  labels  will  be 
assi.u'.o'i  liigher  ,.riorities. 


s1touI<1  poinc  I'ut:  chat  chcrti  is  a  large  body  of  liccracuros  on  obtai¬ 
ning  opciniaL  schodiiLcs  by  the  methods  of  complete  enumeration,  mixed  integer  and 
nonlinear  prog. armni ng ,  and  dynamic  programming.  Note  that  in  these  approaches, 
the  computation  time  required  to  produce  an  optimal  st;hcdiile  will  be  an  exponen¬ 
tial  function  of  c!ie  number  of  jobs  to  be  sctieduled.  We  refer  the  reader  to 
Lenstra  i  I.'i j  and  kinooy  Kan  |  kl  ).  Sec  also  llorowic::  and  Salmi  [lllj  and  Sahni  fSI]. 

2 .  There-  art.*  simple  schetlulinp.  algori  ihms  that  sfieiul  very  little  effort 
tL’__^earrh  I'nf  seh.-du  K- .  .Almost,  direrrly  opposite  to  t:ho  ;ipp  ro/u-.h  of  spending  a 

lot  of  el  fort  to  (ietermini-  .-m  ontimal  schedule,  one  could  consider  the  aooroach 
of  spending  little  or  r.o  c.-frort  to  search  '“or  .1  reasonably  good  schedule.  In 
view  ol  til"  I'lscovi-rv  t)f  t  ia-  class  of  Nl’-comp  1  ete  ;woh  1  ems ,  such  an  approach  heco- 
mes  a  particularly  .ittractive  ouo.  (As  general  references  to  die  area  of  approxi¬ 
mation  a  i  .-.o  r  i  dims ,  see  Johnson  iJll  and  (laroy  and  Johnson  [G2]  ).  For  example,  a 
very  simple  scheduling  algorithm  is  a  list  sctieduling  algorithm  with  arbitrary 
.issignnent  of  priorities,  ihe  following  result  is  due  to  Graham  G7 ,  GO]  ; 

1  ii.--'tc:;i  I  ;  I'.ir  1  ccniiputing  systein  with  n  identic.ii  processor.s ,  let  m 
denote  tiu:  completion  time  ot  a  schedule  lor  a  given  set  of  jobs  produced  by  an 
arbitrary  lir.c  sclu-duling  .1  i  go  r  i  tarn  and  iec  w  denote  Che  shortest  possible  com- 

I,  ^ 

pic  cion  time.'  Tlien 


'jj 


II 


For  n  =  d,  t'ue  r, 
taut  i/2.  Tliat  is,  in  terms 
list  scheduling  algoridirr.  i  .s 
the  nur-ber  of  processors  in 
becomes  less  favorabio,  die 


■  ion  !j/ in  Theorem  1  is  uppe rlioundctl  hy  the  cons- 
of  d'.o  comnletion  time  a  schedule  nroduced  by  any 
not  worse  duin  .in  ontimal  schedule  by  501!.  VTien 
the  system,  increases,  although  the  comnarison 
sub-ontimal  schedule  is  never  worse  than  an  ontimal 


schedule  bv  loi)’;. 


From  new  on,  we  sh.ill 
arbitrary  sehcdul-'-  .u-.d 


consistently  use  u  to  denote  the  completion  time  of  an 
,  to  denote  the  completion  time  of  an  optimal  .schedule. 


Thedrom  1  can  be  extended  immediately  ; 


Thedrom  2  (Liu  and  Liu  CL7]):For  a  computing  system  with  Oj  processdfst 

of  speed  bj,  n^  processors  of  speed  b^t  ...»  processors  of  speed  bj^,  wKere 

b,  >  b^  >  . . ,  >  h,  >  1 ,  wb  have 

12  k  - 


k 

K  n .  1) . 
1  I 


Garey  and  Graham  [Gil,  and  Yao  [Yl]  studied  list  scheduling  algorithms 
for  compticing  systems  with  sluared  resources.  For  example,  similar  to  Theorems  1 
and  2,  wo  have. 

Theorem  3  (Garey  and  Graham  CGI.1)  :  For  a  computing  system  with  n 
identical  processors  and  one  kind  of  shared  resources,  we  have 


Thoorem  (Garoy  and  Graham  I'Gl  1)  :  For  a  computing  system  with  two  or 
more  processors  and  q  kinds  of  shared  resources  and  for  a  set  of  independent  jobs, 
we  have 


M  .  ,n+l  „ 

~  <  i!un(-:^,  q  +  2 


See  also  fll,  Kl,  L7,  LS,  L9l  where  various  extensions  of  the  case 
where  the  processor  are  not  identical  were  studied. 


^ •  Thero  are  cases  in  which  an  algorithm  that  produces  optimal  schedules 
under  a  certain  set  of  conditions  is  applied  to  situations  that  do  not  satisfy 
these  conditions.  The  following  results  illustrate  this  point  ; 

Theorem  S  (Chen  1 C2  3)  :  UTicn  Hu's  algorithm  is  applied  to  schedule  a 
set  of  jobs  with  unit  execution  times  on  a  computing  system  with  n  identical  pro¬ 
cessors.  Then 


n  “  2 


<  2 


n  >  3 


Tlieoroin  (Lam  and  Sochi  C^2.I)  :  Wlicn  CoCCman  and  Graham's  algorithm 
is  applied  to  scliodu'.e  a  sot  of  jobs  with  unit  execution  times  on  a  computing 
system  with  n  identical 'processors.  Then 


w 


2 


4 

n 


Kiufman  fKa'i  extended  Hu's  algorithm  to  the  scheduling  of  jobs  with 
unequal  execution  times  on  a  computing  system  with  n  identical  processors,  where 
the  precedence  relation  over  the  jobs  is  a  forest,  by  defining  the  level  of  a  job 
to  be  the  lonn.th  of  the  chain  between  the  job  and  the  root  of  the  tree  it  is  in 
(including  the  execution  time  of  the  job  itself),  Kaufman  has  shown  that 


Tlioorom  7  ;  in  the  extended  Hu's  algorithm  described  above 


(ij  <  (1)  +  k  -  k/n 

-  p 

where  is  the  oomplocion  time  when  the  jobs  are  executed  according  to  an  opti¬ 
mal  preemptive  schedule,  and  k  is  the  execution  time  of  the  longest  job  in  the 
sot. 


4.  Thcronre  algorithms  that  perform  a  certain  amount  of  computation 
in  order  to  produce  good  schedules.  For  example,  consider  the  problem  of  schedu¬ 
ling  a  set  of  independent  jobs  on  a  computing  system  with  n  identical  processors. 
If  '  '  sort  the  jobs  according  to  their  execution  times  and  assign  high  priorities 
to  jobs  with  long  execution  times,  we  can  upporbound  the  worse  case  behavior  of 
such  a  list  scheduling  algorithm  by  : 

Theorviu  8  (Graham  [G7])  :  For  the  scheduling  algorithm  described  above 

_w  ^  ^ _ 1_ 


I'ixtension  of  chc  idea  of  assigning  high  priorities  to  jobs  with  long 
execution  times  to  computing  systems  with  non-identical  processors  have  been  car¬ 
ried  out  in  Gonzales,  Ibarra,  and  Salmi  [G9],  and  Ibarra  and  Kim  f.Il]  . 

As  atiother  example,  wo  consider  the  following  algortihm  for  scheduling 
a  set  of  indepondeiu  jolis  on  a  computing  system  with  n  identical  processors  :  We 
pick  out  the  k  longest  jobs  in  the  se,t  and  schedule  them  in  such  a  vmy  that  the 
total  execution  tiinu  (for  the  execution  of  those  k  jobs)  is  minimum.  The  remai¬ 
ning  jobs  will  1)0  schi-duleil  according  to  the  rule  tl>at  whenever  a  processor  is 
free  an  arbitrarily  chosen  job  will  be  cxocute«l  on  that  processor.  Graham  LG7] 
hn.s  shown  that 


Tlieoreiii  :  For  tl)e  scheduling  algorithm  described  above 


^  <  I  * 
= 


I  -  ~ 
n 


I  + 


5.  (in(»  can  consider  algorithms  that  produce  .schedules  which  are  ns 
close  to  optimal  schedMlos  .is  it  is  desired  at  the  expense  of  computation  time. 

An  algorithm  is  said  to  he  an  c-appeoximation  algorithm  if  for  a  given  €  the 
algorithm  will  yield  a  schedule  such  chat  the  ratio  (oi-Ug)AiQ  is  less  than  e. 
Sahni  ISlJ  studied  the  problem  of  scheduling  a  set  of  independent  jobs  on  a  com¬ 
puting  system  wicli  n  identical  processors  and  obtained  an  c-approximacion 
algorithm  wiiosi.-  eonipl.  sity  ia  (5**  (m(nr/i. )  )  where  iii  is  the  number  of  jobs  is  the 

set . 

Ill  -  si:iii;i)iii,i;  to  mki.t  ukadi.i.nks 


To  illustrate  some  ocher  aspects  of  the  scheduling  problem,  we  shall 
survey  some  of  the  results  on  a  generalization  of  our  model  by  assuming  that  each 
job  has  a  ready  time,  a  time  at  or  after  which  execution  of  the  job  can  begin, 
and  a  doadl Ine,  a  time  at  or  prior  to  which  execution  of  the  job  must  be  comple¬ 
ted. For  a  given  computing  system  with  fixed  amounts  of  resources,  a  set  of  job  is 
said  to  bo  sciiedulable  i.f  there  is  a  schedule  according  to  which  all  jobs  can  be 
executed  to  meet  choir  deadlines.  Such  a  schedule  will  be  referred  to  as  a  feasi - 
l)l..‘  sciiodule  for  the  sec  of  jobs.  x\  set  of  jobs  is  said  to  be  schedulahle  by  a 
scheduling  algorithm  if  the  algoritlu  yields  a  feasible  schedule  for  Che  set. 
Consequently,  a  schcdulin)'.  algotithm  Is  said  to  be  optimal  if  it 


yields  n  feasible  schedule  for  every  schedulable  set  of  jobs.  Oh  the  other  hand^ 
if  a  scheduling  algorithm  is  not  optimal,  one  would  wish  to  measure  the  effecti¬ 
veness  of  the  algorithm  is  terms  of  the  fraction  of  schedulable  sets  of  jobs  it 
is  capable  of  scheduling. 

*•  schoduling.  Garey  and  Johnson  fGA,  051  obtained  an  optimal 

scheduling  algoritlim  for  tl\o  following  case  : 

(i)  Tlu'  computer  system  Ijas  two  identical  processors'. 

(ii)  Kach  job  l\as  unit  execution  time. 

(iii)  Kacli  job  has  a  prespecifivd  ready  time  and  de.idline. 

(iv)  There  is  an  arbitrary  precedence  constraint  over  the  jobs. 

Garoy  and  Johnson's  algorithm  yields  a  sciiodulo  that  enables  the  completion  of  each 
job  before  evacit  deadline  i^  such  a  schedule  exists. 

2.  Real-time  scheduling.  In  many  cases  when  a  computer  is  used  for 
control  or  monitoring  ''unctions,  the  following  model  is  encountered, 

(i)  There  is  a  single  processor  in  the  computer  system, 

(ii)  F.ach  job  has  a  ready  time  and  a  deadline. 

(iii)  The  execution  of  a  job  can  be  preempted  by  a  another  job. 

In  fLl,  L6,  S31,  an  algorithm  know  as  earliest  deadline  first  algo- 
rilhm  has  been  shown  to  be  optimal.  The  earliest  deadline  first  algorithm  always 
execute  a  job  that  has  the  earliest  deadline  among  all  the  ready  jobs.  Thus,  a 
newly  arrived  job  will  preempt  a  job  that  is  currently  being  executed  if  the  new 
arrival  has  an  earlier  deadline.  The  earliest  deadline  first  algorithm  is  optimal 
in  the  sense  that  if  a  set  of  jobs  can  be  scheduled  by  any  algorithm,  it  can  also 
bo  scheduled  by  the  earliest  deadline  first  algorithm. 


Some  variations  of  tiie  pr  hlem  are  ; 


(i)  the  execution  of  n  job  cannot  be  preempted. 


(ii)  There  are  two  or  more  processors  in  the  computer  system. 

(iii)  There  is  a  precedence  constraint  over  the  jobs. 

(iv)  The  execution  of  a  job  rosuiros  other  kind.s  of  resources* 


J.  Jobs  with  Periodic  Requests 


A  special  case  of  real  time  chedulini}  was  studied  in  [Lft].  In  this 
case,  a  job  consists  of  a  periodic  stream  of  requests.  That  is,  a  job  J.  demands 
periodically  C.  units  of  computation  time  in  every  T^  units  of  time  (T.  is  refer¬ 
red  to  as  the  reque  t  period),  and  the  deadline  of  a  request  is  a.ssumed  to  be  the 
ready  time  of  the  next  request  of  the  same  job.  AUhour.h  the  earliest  deadline 
first  schoduliiiR  algorithm  can  be  applied  to  this  case,  another  scheduling  algo¬ 
rithm  known  as  the  rate  monotonic  algorithm  has  been  studied.  In  the  rate  monoto¬ 
nic  algoritlun,  requests  of  a  job  with  the  shortest  request  period  always  have 
priority  over  the  requests  of  a  job  with  a  longer  request  period.  Not  only  such 
an  algoriclsm  is  e.isy  to  implement,  its  simplicity  also  enables  us  to  carry  out  a 
more  thorougli  analysis  of  its  performance,  '^c  have 

Theorem  i  :  Any  sot  of  n  jobs  wit!»  Y.  -r-  ^  n  (2  ”  -  1)  can  be  sche- 

i  =  l  i 

duled  by  the  race  monotonic  algorithm  to  moot  all  deadlines.  Furthermore,  there 

n  C.  I  , 

is  a  sec  of:  n  jobs  with  >  n  (2  -  I )  time  cannot  be  scheduled  by  the 

i*l  i 

rate  monotonic  algorithm. 

Theorem'  1  is  again  another  example  illustrating  the  possibility  of 
lower  bounding  tlie  performance  of  a  system.  Note  that  ^'j^/T^  is  the  percentage  of 
time  the  jobs  will  utilize  die  processor.  Consequently,  Theorem  1  says  Chat  if 
a  set  of  jobs  doesnoc  try  to  utilize  the  processor  beyond  a  certain  percentage, 
the  rate  monotonic  algorithm  can  guarantee  that  nil  deadlines  wilt  bo  met  .  (Spe¬ 
cifically,  for  n=2,  n  (2*^“  -  1)  =  0.828,  for  n  n  (2*^^  -  1)  -►  0.63).  Note 

that  chore  are  sots  of  jobs  with  a  t  tal  utilizatign  above  the  bound  which  can 
still  bo  scheduled  by  the  rate  monot  nic  algorithm.  However,  our  bound  provides 


aii/puarantce  undor  the  worst  possible  situation. 

Another  resuot  of  the  same  flavor  is  an  estimation  on  the  slack. time 
of  a  request  which  is  defined  to  be  the  time  span  between  the  eomplction  of  the 
execution  of  a  request  and  its  deadline.  In  many  practical  situation,  not  only 
do  we  wish  to  meet  all  the  deadlines,  we  also  would  like  to  have  a  large  slack 
time  if  possible.  We  can  show  that  [L5]  : 

Tlieorom  1  :  If  tlic  first  requests  of  all  jobs  occur  at  t  «  0,  then  the 
slack  time  of  any  request  is  larger  than  or  equal  to  the  slack  time  of  the  first 
request  of  tl>e  same  job. 

n  C .  .  , 

Theorem  1  :  For  a  set  of  n  jobs  with  i'.  <  n  (2  -  1 ) ,  the  slack 

i  a  I  i 

time  of  any  requesf  is  larjji.-r  than  a  equal  to  0.2()7  g  whore  g  is  the  last  quantum 
of  processor  time  al located  to  the  first  request  of  the  same  job. 

n  (1 .  .  , 

Theorem  4  :  For  a  set  of  n  jobs  wich  T.  <  n  (2  -  I)  and  with 

i»l  T. 

i 

Tj^  >.  2  T^,|»  tile  slack  timo  of  any  request  of  is  larger  than  or  equal  to 

0.207  g  where  g  is  t!>o  last  quantum  of  processor  timo  allocated  to  that  request. 

Again,  note  the  possibility  of  lower  bounding  tie  performance  of  a 
system  under  some  very  general  conditions. 

IV  -  lUN  FACKING  ALGOR  LTllM 

Tiie  bin  packing  problem  can  be  described  as  placing  a  list  of  "pieces" 

of  size  larger  than  0  and  less  than  or  equal  to  1  into  "bins"  of  size  !  so  ns  to 

minimize  the  total  number  of  bins  utilized.  There  are  some  immediate  interpreta¬ 
tions  of  the  bin  packing  problem  : 

(i)  Table  formatting  :  To  place  items  of  data  (pieces)  in  computer 
words  of  fixed  size  (bins). 

(it)  Propaging  :  To  place  program  segments  (pieces)  into  pages  (bins). 


(iii)  File  allocation  :  !•>  nlacc  files  (nieces)  on  disk  tracks  (bins). 


number  of  bins .  On  the  other  hand,  the  performance  of  a  suboptimal  algorithm  can 

be  measured  by  the  quantity  lim  t'(k),  where  for  a  fixed  k  K(k)  is  the  maximum 

k-'<« 

number  of  bins  used  by  the  algorithm  over  all  possible  lists  of  pieces  that  can 
be  packed  into  k  bins  by  an  optimal  algorithm  divided  by  k. 

1 .  On~lino  Algori  timis 

A  bin  packing  algorithm  is  said  to  be  an  on-line  algoritlim  if  the  pie¬ 
ces  arc  available  one  at  a  time  and  a  piece  must  be  assigned  to  a  bin  before  the 

next  one  becomes  available.  We  mention  first  throe  well-known  algorithms  : 

Next  fit  (NT)  algorithm  :  A  piece  will  be  place  into  the  "current  bin" 
if  it  can  be  fit  into  that  bin.  If  not,  a  hew  bin  will  be  used  and  will  be  desi¬ 
gnated  the  current  l)in. 

First-fit  (FF)  algorithm  :  the  bins  will  hn  indexed  Rj ,  Rs****  piece, 

will  he  placed  into  a  bin  Rj  that  can  accomodate  it  with  the  smallest  index  j. 

Rest-fit  (RF)  algorithm  t  The  bins  will  be  indexed  Rj ,  Bj***  ^  piece 
will  be  placed  into  a  bin  chat  has  been  filled  to  a  highest  po.ssible  level  and 
can  still  accomadate  the  piece.  If  there  are  more  than  one  such  bin,  choose  the 
one  with  the  smallest  index  j. 

We  have  [J3l  : 

Thoorom  i  : 


lim  NF(k)  =  2 
k  ^  « 


lim  FF(k) 

k  -*■  « 

lim  BF(k) 

k  ^ 


12 

■|o 

2 

10 


A  now  on-lin''  algorithm  was  proposed  by  Yao  [y2]  which  is  known  as  the 
refined  firsU  fit  (RFF)  algorithm.  The  refined  first  fit  algorithm  can  be  descri¬ 
bed  as  follows  : 


(1)  A  piocu  will  be  called  an  A-pieco.Bj-piec.ejSij-pieCG,  dr  X-piece 
iif '.lUc  size  dC  the  piece  is  in  the  interval  (1/2,  1.1,  (2/5,  1/2.1,  (1/3,  2/S],  or 
.(6,  1/3],  respectively. 

(2)  The  sot  of  all  bins  are  divided  into  four  inf initc -classes ,  to 
bd  referred  to  as  cl.jss  1,  2,  3,  A,  respectively, 

(3)  l.et  m  be  a  fi.\od  integer  wliose  value  can  be  chosen  as  6,  7,  8, 

or  9. 


ch 

(A)  Suppose  the  first  j-i  pieces  have  been  a.ssigned.  The  j  piece 
will  hcassignod  according  to  the  first-fit  algorithm  into  a  bin  of  a  certain 
class.  In  particular, 

(i)  If  it  is  an  A-pieco,  it  will  bo  assigned  to  .1  cl.ass  1  bin. 

(ii)  U  it  is  ;i  h, -piece,  it  will  be  assigned  to  a  cla.s.s  2  bin, 

(iii)  If  it  is  a  n„-picce,  but  not  iho  (mi)-ch  B, -piece  soon  so  far 
for  some  integi-r  i  I,  it  will  be  assigned  to  a  class  3  bin.  If  it  is  Che  (mi)-ch 
1!., -piece  for  some  Integer  i  a  1,  it  will  be  assigned  to  a  class  1  bin  containing 
an  .A-piece  if  possible,  or  to  a  now  class  1  bln  otherwise. 


It  can  be  shown  that  CY2]  : 


Thcorein  2  :  li:n  RFF(k)  =v 

!.  #  ■»  J 


Yno  I  Y2  !  has  al.so  t>btaine<l  a  low£*r  boe.nd  on  the  performance  of  any 
on-line  bin  packing  algorithm  : 


Theorem  3  :  For  any  on-line  packing  algorithm  S,  I im  S(k)  S  t 


2.  Off-line  Algorithms 


A  hin  packing  algorithm  is  said  to  be  an  off-line  algorithm  if  all 
the  pieces  for  packing  are  available  before  commencing. 

First-fit  decro.isin.g  (FFDi  algorithm  :  the  pieces  are  arranged  is  non- 
incresing  order  according  to  size  ar.  I  Chen  apply  the  first-fit  algorithm. 


liosc-fic  clticrcasing  (Bl'D)  algorlclim  ;  The  pieces  arc  arranged  in  hon- 
incrcssing  order  according  co  size  and  chon  apply  cho  IiosC-fit  algorithm. 

Theorem  4  [j'j]  : 

Urn  ITD(k)  »  4- 

k  w 

!im  lU-D(k) 

k  •>  «  J 

3.  Variation  oC  I'nrameCers 

Tor  a  give  system  with  a  certain  oerCofmance  index,  one  oiiton  would  want 

Co  know  how  c!>e  performance  index  varies  as  one  or  more  of  the  parameters  of  the 

system  varv.  Such  information  will  bo  useful,  for  example,  in  determining  the 

cost-of feccivuness  of  tuning  a  system  by  varying  some  of  the  parameters.  A  study 

by  I'ricscn  [I’l]  on  bin  packing,  algorithms  providr«s  an  interesting  oxampio,  l*or  a 

given  l)ln  packing  algorithm,  one  might  ask  how  tlie  nlgori  ihm  be.liavos  if  instead 

of  nacking  the  pieces  into  bins  of  size  I  (the  standard  size)  we  shall  pack 

the  pieces  into  bins  of  sLko  u,  u  >  I.  Tliis  is  exactly  the  case  of  determining 

the  performance  of  a  paging  algorithm  when  the  size  of  a  page  is  increased. 

For  example,  an  interesting  question  is  how  big  the  size  of  a  page  should  become 

so  that  a  suboptimal  paging  algorithm  will  not  used  more  pages  than  an  optimal 

naging  algorithm  when  the  latter  uses  oages  of  standard  size.  For  a  fixed  k, 

let  FFI)  (k)  denote  the  maximum  number  o*'  bins  of  size  a  used  bv  the  first  fit 
a 

decreasing  algorithm  over  all  possible  lists  of  pieces  that  can  be  packed  by  an 
optimal  algorithm  using  k  bins  of  standard  size  (1)  divided  by  k.  He  have  '’FP'  ! 


Theorem. 5 


n 
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k,  -V  « 
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